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. Bernoulli

A Bernoulli Source, or memoryless source, generates text
randomly.

Every subsequent symbol (of a finite alphabet) is created
independently of its predecessors, and the probability of each
symbol is not necesserily the same.

If it is, the Source is called a symmetric, or unbiased Bernoulli
Source.

If text over an alphabet S is generated by a Bernoulli Source,
then each symbol s € S always occurs with probability P(s).
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Prelminaries A Markovian Source generates symbols based not on the a
fm priori probability of each symbol.
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Text generated by a Markovian Source is a realization of a
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Markov sequence of order K.

K denotes the number of previous symbols that the probability
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Markovian Source (3)

In our case (K = 1), the transition matrix is defined by

P ={pi;}ijes
where

Dij = PrObablllty (tk_|_1 — ]|tk; — ’L)

The matrix entry (¢, j) denotes the conditional probability of the
next symbol being j if the current symbol is .
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Proliminaries A language L is a collection of words.
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Prefminaries For sinister purposes, we represent it differently as

Sources

GF of languages A(Z) — Z zw(@)

® What is a language
@ Generating functions oaEeS

@ Generating functions, too

® GF of a language

® Conditonal GF where S is a set of objects (words ...) and w(«) is a weight

: Eﬁfﬁﬁ.nizw objective function.

Declaring languages

Language reltionships Henceforth we will interpret it as the size of o, i.e. w(a) = |
Languages & GFs
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Main findings | number of ObjeCtS 8 SatiSinng ’U](Oé) = nN.
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Generating function of a language

Now, for any language L, we define its generating function
L(z) as

L(z) = Z P(w)z"

weL

where P(w) is the probability of word w’s occurence and |w| is
the length of w.

So the coefficient of 2/l is the sum of the probabilites all words
of that length.

In addition, we assume that P(¢) = 1. So every language
includes the empty word (as we know).
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Conditional generating function

In addition, the H-conditional generating function of L is given
as

Ly(2) =Y P(who_m = hi...w_y = hy)z"!
weL

=Y P(wlw=), = H)z"
weL

where w_; is the symbol preceding the first character of w at
distance 1.

We use this definition for Markovian sources, where the
probability depends on the previous symbols.
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Prefminaries In our previous example, the autocorrelation set was
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Formulating our objective

Prelminaries We will now formulate the special generating functions whose
Sources closed form we will later strive to compute:
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@ Generating functions T ( ) — Z ( ( ) — ) n
@ Generating functions, too 1 T < n>0 Pr O’I’L H r)z
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@ Conditional GF
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2. T(z,u) = 500 TU) (2)ur
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&
~ Introduction

Let H be a given pattern.

B The initial language R is the set of words containing only
one occurrence of H, located at the right end.

m The tail language U is defined as the set of words « such
that Hu has exactly one occurrence of H, which occurs at
the left end.

®m The minimal language M is the set of words w such that Hw
has exactly two occurrences of H, located at its left and
right ends.
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Component languages

We differentiate several special languages, given a pattern H.

" stands for concatenation of words.

1. R={r:r €1y A H occurs at the right end ofr}
2. U={u:H -ueTi}

3. M ={w: H-we T, N H occurs at the right end of H - w}

Analysis of Pattern Occurances — p. 29/102




Preliminaries

Sources

GF of languages

Declaring languages

Language relationships

® Qualities of Ty~

@ Composition proof (1'y-)

@ Qualities of 1"

@ Composition proof (")

@ Four more relationships

@ Four more relationships | (1)
@ Four more relationships | (2)
@ Four more relationships

@ Four more relationships IlI
@ Four more relationships IV
® One more

Languages & GFs

Looking for GFs

Main findings |

On to other shores

Epilogue

Roland Aydin, April 2004

Language relationships

Analysis of Pattern Occurances — p. 30/102




es of 7,

t

Preliminaries At first, we will try to describe the languages 17" and T;. in terms
Sources Of R, M and U

GF of languages

Declaring languages

Language relationships \V/T > 1 :
(@ Qualties of T | —

@ Composition proof (1) T — R . M'r_ 1 . U
@ Qualities of 1" r
@ Composition proof (")

@ Four more relationships

@ Four more relationships | (1)

@ Four more relationships | (2)

@ Four more relationships

@ Four more relationships IlI

@ Four more relationships IV

® One more

Languages & GFs

Looking for GFs

Main findings |

On to other shores

Epilogue

Roland Aydin, April 2004 Analysis of Pattern Occurances — p. 31/102




- |

=
= Composition proof (7;)

.
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Four more relationships

Analyzing the relationships between M, U and R further, we
introduce

3

. W, the set of all words
. S, the alphabet set

. the operators "+" and "-", which denote disjoint union and

language subtraction
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Four more relationships | (1)

Proof:

Let £ be the number how often H occursin W - H.
E>1.

The /ast occurrence of H in every included word is on the right.

That means, that W - H C {J, -, M".
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Four more relationships | (2)

Let w € Uy, M”.

Iff |w| > |H]|, then surely the inclusion is correct.

Iff |w| < |H| (how can that be?), then w ¢ W - H.

But then, necessarily, w € A — {€}, because the second H in

Hw overlaps with the first H by definition (it is element of M%),
so w must be in the autocorrelation set A.

[]
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Four more relationships I

U-S=M+U —{e}
Proof:

All words of S consist of a single character s.

Given a word u € U and concatenating them, we differentiate
two cases.

If Hus contains a second occurrence of H, it is clearly at the
right end. Then us € M.

If Hus does contain only a single H, then us must be
non-empty word of U.
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Four more relationships lli

H-M=S-R—(R—H)
Proof:

—
Let sw beawordin H- M, s €S (we can write every such
word in this way WLOG).

sw contains exactly two times H, evidently at its left, and also
at its right end.
Thus, swisalsoe S- R

—:
If a word swH from S - Ris not in R, then because it contains a
second H starting at the left end of sw, because wH € R.

Of course, in that case itis € H - M.
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Four more relationships IV

To - H=R- A
Proof:

Let wH be € T, - H. Then there can be either be one or more
occurences of H in wH, one of which is at the right end.
If there is no second one, then wH is € R by definition of R

If, however, there is a second one, then it overlaps somehow
with the first one.

So we view the word until the end of the first H, which is in R.

Due to the overlapping, the remaining part is € A.
[]
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One more

Combining relationships Il and Il yields
H-U-S—H-U=(S—¢R

No proof is necessary, as we have validated both ingredients.
Using Il, the left sideis HU - S—-U)=H - M

The right side is
S-R—R
=S-R—(RNS-R)
=S -R—(R—-H)

Together, that is just relationship lll.

Analysis of Pattern Occurances — p. 41/102




Preliminaries

Sources

GF of languages

Declaring languages

Language relationships

Languages & GFs

@ In the Bernoulli env. (1)
@ In the Bernoulli env. (2)
@ "Particularities"

Looking for GFs

Main findings |

On to other shores

Epilogue

Roland Aydin, April 2004
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Sources concatenating them) in respect to their gen. func.? What is
GF of languages L3 — L]. . L2?

Declaring languages

Asz(z)
Language relationships

Languages & GFs J— ( ) |’U)|
@ In the Bernoulli env. (1) o Z P w)=

@ In the Bernoulli env. (2)

@ "Particularities" we L 3
Looking for GFs — E P(wl)P(w2)Z|wl|+|w2|
Main findings | 'wELl /\’UJELQ
On to other shores
_ w1 | Z w2
Epilogue o Z P(wl )Z P(U]Q)Z
welq we Lo

= Al (Z)AQ (Z)

! The assumption P(wv) = P(w)P(v) only holds true with a

memoryless source.
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"Particularities”

A few particular cases:

m S (alphabet set) = S(z) = 3

seS

P(s)zlsl = 2
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"Particularities”

A few particular cases:

m S (alphabet set) = S(z) = >, 4 P(s)zl*l = 2
B L=5-L1=L(z)=zL1(z2)
B {c} = B(2) =) erq Pw)2* =1-1=1
mH=H(z)=Y,_yPH)H = P(H)zm
m 1V (behold, the set of all words)

W(z) = ZP(w)Z|kI = Zkzo 2* = 1:2
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Looking for Generating Functions
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Translating |

We will now attempt to translate our known language
relationships into generating functions:

In case | only, the formula we derive is correct just for a
memoryless source.

M =W H+ (A {e})

> Mpg(2)F =W(z)- P(H)2™ + Ag(z) — 1
k=1

iMH(z)k 1=+ ! - P(H)2" + Ap(z) ~ 1
k=0
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Translating |

We will now attempt to translate our known language
relationships into generating functions:

In case | only, the formula we derive is correct just for a
memoryless source.

M =W H+ (A {e})

> Mpg(2)F =W(z)- P(H)2™ + Ag(z) — 1
k=1

iMH(z)k 1=+ ! - P(H)2" + Ap(z) ~ 1
k=0

| | N
M) 1— DU An()
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U-S=M+U—{e}
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Uu->S
u-s-U

M +U —{e}
M —{e}
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U-S
u-s-U

Uy(z)z —Upg(z)

M+ U — {e}
M — {e}
MH(Z)—l
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M +U —{e}
M — {e}
MH(Z) —1
MH(Z) — 1
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H-M=S-R—(R-H)
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H-M

H-M—-H=
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. Translating Il

H-M

H-M—-H=
P(H)z" Mg (z) — P(H)z™
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= Translating Il

H-M=S-R—(R—H)
H- M-—H=S-R—R
S(z)- R(z) — R(2)

P(H)z" Mg (z) — P(H)z™
P(H)z"(Mp(z) = 1)

R(z)(z—1)
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= Translating Il

H-M=S-R—(R—H)
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T(z,u)

We do also remember, that

T=R-M*-U

As T'is the language with any number of Hs, its generating
function is indeed ...

T(z,u) = R(z)
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What is left to do?

We still have no formula of gathering O,,(H), i.e. the frequency
of H-occurrences (|H| = m) in random text of length n over an
alphabet S with |S| = V.

Let us make an educated guess, though.

What we do not know, is how important overlapping is.
Assuming to disregard that topic, the answer could be

FElO,(H)|=PH)(n—m-+1)

Itis.

But why?
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Proof Preparations

To shorten things, we introduce

Dy(z)=(1—2)Ag(z) + 2" P(H)

and rewrite My (z) as

as well as
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Questions?

"O, call not me to justify the wrong

That thy unkindness lays upon my heart;

Wound me not with thine eye but with thy tongue;

Use power with power and slay me not by art.

What need’st thou wound with cunning when thy might
Is more than my o’er-pressd defense can bide?

That they elsewhere might dart their injuries:

Yet do not so, but since | am near slain,

Kill me outright with looks and rid my pain.”
Shakespeare Sonnet CXXXIX
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With what certainty (2)

where F,, F, are

Eq

Fy =

— (P = 1) Z]n,, .

Thi

Thi

(P? =10 Z°]n,. 01
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